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ORTHOGONAL BASES OF BRAUER SYMMETRY CLASSES OF 
TENSORS FOR GROUPS HAVING CYCLIC SUPPORT ON 
NON-LINEAR BRAUER CHARACTERS 

M. HORMOZI AND K. RODTES 


Abstract. This paper provides some properties of Brauer symmetry classes of tensors. 
We derive a dimension formula for the orbital subspaces in the Brauer symmetry classes 
of tensors corresponding to the irreducible Brauer characters of the groups having cyclic 
groups support on non-linear Brauer characters. Using the derived formula, we inves¬ 
tigate the necessary and sufficient condition for the existence of the o-basis of Dicyclic 
groups, Semi-dihedral groups and also reinvestigate those things on Dihedral groups. 
Some criteria for the non-vanishing elements in the Brauer symmetry classes of tensors 
associated to those groups are also included. 


1. Introduction 

During the past decades, there are many papers devoted to study symmetry classes of 
tensors, see, for example, [1-9]. One of the active research topics is the investigation of the 
special basis (o-basis) for the classes. This basis consists of decomposable symmetrized 
tensors which are images of the symmetrizer using an irreducible character of a given 
group. In [10], Randall R. Holmes and A. Kodithuwakku studied symmetry classes of 
tensors using an irreducible Brauer character of the Dihedral group instead of an ordinary 
irreducible character and gave necessary and sufficient conditions for the existence of an 
o-basis. A classical method to find the conditions applies the dimension of the orbital 
subspaces in order to find an o-basis for each orbit separately. A main tool for computing 
the dimension of symmetry classes using ordinary characters is the Freese’s theorem [9]. 
Unfortunately, the symmetrizer using Brauer characters is not (in general) idempotent, 
so the Freese’s theorem can not be applied directly. However, for the case of non-linear 
Brauer characters of Dihedral groups, the authors in [10] decomposed them into a sum of 
ordinary characters and used generalized Freese’s theorem to bound the dimension. 

One common property for all non-linear Brauer characters of Dihedral groups is the 
vanishing outside some cyclic subgroups. Many finite groups, including Dicyclic groups 
and Semi-dihedral groups, satisfy this property. In this paper, we investigate the existence 
of an o-basis of Brauer symmetry classes of tensors associated with the groups having the 
stated property. Some general properties of Brauer symmetry classes of tensors are stated. 
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For the non-linear case, we decompose the orbital subspaces of Brauer symmetry classes 
of tensors into the orthogonal direct sum of smaller factors and then provide a dimension 
formula for each of them. The necessary and sufficient condition for the existence of 
o-basis for Dicyclic groups, Semi-dihedral groups and Dihedral groups are investigated 
and reinvestigated as an application of the formula. Some criteria for the non-vanishing 
elements in the Brauer symmetry classes of tensors associated to these groups are also 
included. 


2. Preliminaries 

Let G be a subgroup of the full symmetric group S m and p be a fixed prime number. 
An element of G is p-regular if its order is not divisible by p. Denote by G the set of 
all p-regular elements of G. Let IBr(G) denote the set of irreducible Brauer characters of 
G. A Brauer character is a certain function from G to C associated with an TG-module 
where F is a suitably chosen field of characteristic p. The Brauer character is irreducible 
if the associated module is simple. A conjugacy class of G consisting of p-regular elements 
is called a p-regular class. The number of irreducible Brauer characters of G equals the 
number of p-regular classes of G. Let Irr(G) denote the set of irreducible characters of G. 
(Unless preceded by the word ’’Brauer”, the word ’’character” always refers to an ordinary 
character.) If the order of G is not divisible by p, then G = G and IBr(G) =Irr(G). Let S 
be a subset of G containing the identity element e and let </> : S —> C be a fixed function. 
Statements below involving 4> will hold in particular if is a character of G (in which case 
S = G) and also if is a Brauer character of G (in which case S = G). During the last 
few years, many very interesting results on the topic of Brauer characters have been found 
(see e.g. [13] and [15]- [22]). 

Let V be a ^-dimensional complex inner product space and {ei, ...,efc} be an orthonor¬ 
mal basis of V. Let T™ be the set of all sequences a = (oq, ...,a m ), with 1 < cii < k. 
Define the action of G on TP by 

OLO (®(t( 1) , ..*) ^erfm)) • 

We denote by G a the stabilizer subgroup of a, i.e. G a = {a £ G\aa = a}. The space 
y®m j g a CG-module with the action given <re 7 = e 7(T -1 (cr G G, 7 £ T™) extended 
linearly. The inner product on V induces an inner product on V® m which is G-invariant 
and, with respect to this inner product, the set {e a \a € T™} is an orthonormal basis for 

D® m , w j iei . e &a = e ai <g)... <g) e Qm . 

The symmetrizer corresponding to cj) and S C G is the element s$ of the group algebra 
CG given by 


( 2 . 1 ) 


S(f) 


^(e) 

\S\ 




Corresponding to cj) an d a. G T™, the standard (or decomposable)symmetrized tensor is 
(2-2) et = s^ea, = ^ ((>{cr)e aa 

' ' rrCZ Q 


— 1 . 
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The symmetry class of tensors associated with cf and S C G is 

U(<?) = = (e*\c, € IT). 

If <f is a Brauer character, we refer to this as a Brauer symmetry class of tensors. The 
orbital subspace of V^G) corresponding to a € Tff is 

V+{G) = {et\a £ G). 

An o-basis of a subspace W of V^iG) is an orthogonal basis of W of the form {e^ ,... ,et t } 
for some a* £ T™. By convention, the empty set is regarded as an o-basis of the zero 
subspace of V^IG). Let A = Aq be a set of representatives of the orbits of T™ under the 
action of G. 

The following is a main theorem used to reduce the task of investigation on the existence 
of an o-basis. 

Theorem 2.1. We have an orthogonal sum decomposition 

V<t>{G) = y V+(G). 

«e A 

Proof. See [10, Thm. 1.1], □ 

The induced inner product on V^G) can be calculated the formula below, which is an 
adaptation from the Theorem 1.2 in [10]. 

Theorem 2.2. For every a £ T™ and <ti,<T 2 € G we have 

( 2 -3) (eL i; eL 2 ) = ^)<KM°7 lrcr 2). 

U&S rGcri/i -1 St7^" 1 nG a 

Proof. For a £ Tff and cxi, CX 2 £ G, we have 


( e <t > e <t> \ = 

WCKTl 1 °Q!(T2 / 


where r = <J\p 1 pcr 2 1 . 

The following is immediate. 


^ tg|2 (Vr 1 > e aa 2 p-l) 

1 1 U&Spes 

#EE 0(M)<^(p)(e a(T1M -i p(T -i ,e a ) 

1 1 peSpes 

Se E 

p£S,aip,- 1 po 2 1 eG a 

^g .2 E MtilurT 1 ™ 2 ), 

pGS r£(Tip~ 1 Scr2 1 r\G a 


□ 


Corollary 2.3. Let < 71,02 £ G, S C G and cf = if \s, where if is a linear character of G. 
If G a = {e} and A = {/< £ S \ e £ aip~ 1 Scrf 1 } / 0, t/ien 

(e^ e^ 1 A 0 

X^acri ? °a<T 2 / / 
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In the following sections, we also need the lemma and propositions below. 

Lemma 2.4. Assume that S is closed under conjugation by elements of G and that cf is 
constant on the conjugacy classes ofG. For each a £ T™ and a € G, we have aet = ■ 

Proof. See [10, Lem. 1.3]. □ 

As a consequence of this lemma, we have the following proposition. 

Proposition 2.5. Let <f> : S — > C be a fixed function equipped the assumption of Lemma 

2.4. If B = {et gi ,etg 2 , ■■■,etg k } is an o-basis ofVft(G), then, for each g £ G, 

„ . d _ r J> <t> J> t. 

y l e 0 , 9l9 -n e Q , 925 -i) 

is also an o-basis ofVft(G). 

Proof. This is an immediate result of Lemma 2.4. □ 

Proposition 2.6. Let cf : S —)• C be a fixed function. Also, let C contained in S be a 
subgroup of G. If G 1 = {e} and <f>(s) = 0 for all s £ S — C, then 

V*{G) = (e^ g | g £ C) © <e* ff | g £ G - C). 

Proof. If we choose oq £ C and cr 2 £ G \ C in (2.3), we get non-zero term only if /x £ C 
and p,af 1 U 2 £ C, which is impossible, since C is a group. Thus, the two spaces are 
orthogonal. □ 

Proposition 2.7. Let S be a subgroup of G and 4> : S —> C be a non zero constant 
function on S. Then, for each a £ T ^ m v , 

V*{G) = (etW G G) 

has an o-basis and so does V$(G). 

Proof. Suppose (j>(s) = c £ C for all s £ S. Since S' is a group and by Theorem 2.2, we 
have that, for a, r £ G, 


(4.4)-Se E w 2 -^Ei'*- 1 no.l- J ^ |rfT ' lnG ° 

fitzS 1 St 1 nG a 


|5| 


We have G a H aSr 1 = 0 or G a n crSr 1 / 0, for each <r, r £ G. For the latter case, we 
have cj/rr _1 € G a for some pt £ 5. Thus, for each b £ S, 

aab = a(cr/xr _1 )(r/r _1 6) = arg , for some g = yL~ l b £ S. 

Hence, {aab\b £ S} = {ar6|6 £ S} which means that 

„2 


— V 

\s\^ 


&as — ^ar 


seS 


since S is a group and 4>(s) = c for all s £ S. This implies that, for a, r £ G, et a = et T or 
(eL,ear) = 0, which yields that Va(G) has an o-basis and by Theorem 2.1, we complete 
the proof. 


□ 
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3. Dimension formula 

In this section, we let G be a finite group having C C S as a group support on (f> ; i.e., 
4>(S \C) = 0 and 0 for each cr £ C < G. Thus, the induced inner product (2.3) 

becomes 

(3-1) (eL^eLa) = 1 2 

T^aiC(T2 1 r\Ga. 

for every a G T ™ and o\. a 2 G G. If a\Caf 1 H G a = 0, then (ea<j 1 ,eaa 2 ) = 0. This 
motivates us to define a relation on G: for each a € A, 

(3.2) <j\ ~ a iT 2 3=>- cr i G G a cr 2 C, 

for all (7i,cr2 G G. It is not hard to check that ~ a , for each a G A, is an equivalent 
relation. 

Now, we set [cr] as the equivalent class containing a, R ® the set of representative of 
Gj ~ a and Va{[u\) := {et g \g G [cr]). It is clear that Va([cr]) is a subspace of Va(G). 

Lemma 3.1. The space Va(G) has an o-basis if and only if for each a G R&, Va([o]) has 
an o-basis. 

Proof. Suppose that Va([o\) has an o-basis, for each cr G R^- To show that the space 
Va(G) has an o-basis, it suffices to prove that ([cr])’s are orthogonal. Now, let o\ , o 2 G 
G and a G A. If criC'cr^ 1 D G a / 0, then <7i G G a cr 2 C. Hence, if (7i oo a <j 2 , then 
criCcrf 1 n G a = 0. In other words, if [cri] / [a 2 \ , then {et ai , e.ta 2 ) = 0- The other 
implication is clear. □ 

For the following propositions, denote (eU g G C) by vf(C). 

Proposition 3.2. The space V^G) has an o-basis if and only if for each 7 G A, vf(C) 
has an o-basis. 

Proof. For each [cr] gG/ ~ q , we have that 

Va([<r]) = (et 9 \ge[a]) 

= (et 9 \g G G a aC) 

= (ifcl 

= (ei|/iGG);7 = a<7 

= vj(c). 

By Lemma 3.1 and (2.1), we finish the proof. □ 

To determine the dimension of Vy(C), for each 7 G A, we introduce a relation on 
C by; for each cri, <72 G C , 

(3.3) ( 71 ~* cr 2 0307 1 G G 7 . 

It is obvious that ~* is an equivalent relation. Now, we have; 

Proposition 3.3. If C/ ~* = {[<7i], [(T 2 ], •••, [<7t 7 ]}, then dim(V 7 ’(C')) = rank(M 7 ), where 
{M^ij := EhecnG 7 </>&&&j) and 1 <i,j <t 7 . 




6 


Mahdi Hormozi and Kijti Rodtes 


Proof. For each j G {1, 2,..., i 7 } and gi,g 2 G [crj], we have that gi = cg 2 , for some c G G 1 . 
Thus 

e 79l = 

= 7^EaeC^( <7C 52)e 7CT -i 

= 7^ Erc-leC </>( r 52)e 7CT -i; r := <rc 

= 7^ EtgC 0(^2)e 7T -i = e 7ff2 . 

Hence, ^(C) = (e^, | j = 1,2, ...,i 7 ). Moreover, note that e^ g -i = e^ g -i if gi,g 2 G [af. 
This yields 


= £#■*) 


"79 


1^1 


i cre[cri] 


e -i, 

7°i ’ 


for each g G C. However, Eo-g^] 0(°M) = EhgcnG., H h(J i9)- So, we have 


e 7°-j 


0(e) 

1^1 £ 


0( /lf7 * c7 f) Vr 1 ’ 1 - J -V 


,/iG CnG^ 


The result follows by (M 7 )jj := E/igCnG ^ ) Q lC7 i (T j)i fo r 1 < hi < f 7 . 


□ 


In particular, as a special case of Proposition 3.3, i.e., if C is a cyclic subgroup of G, 
we obtain a dimension formula for vf(C). 

Theorem 3.4. LetC = (t) C S be a cyclic subgroup of G such thatC/ ~* = {Mi b" 2 ], [M 7 ]}. 

Denote vj = EfteCnG^ 0(/M 7 ^) and 


d 1 = 


tv —1 

2k sji 


G {0,1,2, ...,i 7 - 1} | ^ Uj-e =0 

9=0 


Then t 7 = | C [^l | and dim(V 7 > (C)) = i 7 — d 7 . 

Proof. Note that under the equivalent relation with (7/ ~* = (Mi [ r2 ]i •••> [M 7 ]}, we 
have that [r k ] = {a G C \ ar~ k G G 7 } = {hr k \ h G C fl G 7 }. So, |[r fc ]| = \C fl G 7 | for all 
k = 1,2,..., t 7 and hence 

, =lr/ . | Ml 

7 I / 7 ' |CnG 7 |' 

By rank nullity theorem and Proposition 3.3, 

dim(P^(C)) = rank(M 7 ) = i 7 — nullity(M 7 ) = t 7 — d 7 , 
where d 7 := nullity(M 7 ). 

To determine d 7 , we observe that, if C is a cyclic subgroup of G, then M 7 can be 
reduced to a circulant matrix M“ r by doing a bit column operation. Precisely, M“ r = 
(vo,vi, ...,v tl - 1 ), where, for each j = 0,1, ...,i 7 - 1, 

v 3 = 

heenGry 
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It is well known that (see e.g. [12]). 

nullity (M“ r ) = deg[gcd {P v {x),x^ - 1)], 

where P v (x) = v j x ^■ Note that the set of all roots (over field C) of x* 7 — 1 is 

2nsi 

U := {e + | 0 < s < t 7 }. Thus, common factors of P v (x ) and x* 7 — 1 must have roots in 
U and hence, 

27 rsi 

deg[gcd(P„(x), x* 7 — 1)] = |{s € Z | 0 < s < t 7 and P v {e * 7 ) = 0}| 

, 1 2ns ji 

= |{s € Z | 0 < s < t 7 and v i e * 7 = 0}|. 

Since the operator rank is invariant under column operations, d 7 = nullity(M“ r ) and thus 
the result follows. □ 

We utilize this theorem in the following sections. 


4. Dicyclic Group T 4ri 
The Dicyclic group T 4n is defined as follows: 

Ti n = (r,s\r 2n = e ,r n = s 2 1 s~ 1 rs = r -1 ). 

Explicitly, all elements of the group T 4n may be given by T 4n = {r*,sr*|0 <i< 2n}. By 
the classical Cayley theorem, T 4n can be embedded in S 4n . Precisely, 

r = (1 2 3 ••• 2re)(2n + l 2n + 2 2n + 3 ••• 4n) 

s = (1 2n + l n + 1 3n + 1 ) ( 2 4n n + 2 3n ) 

(3 4n — 1 n + 3 3n — 1 ) ■ ■ ■ ( n — 1 3n + 3 2n — 1 2n + 3) 

( n 3re + 2 2n 2ra + 2 ). 


Ti n has n + 3 conjugacy classes which are 

{e}, {r k ,r 2n ~ k }, 1 < k < n, {sr 2k \ 0 < k < n - 1}, {sr 2k+1 \ 0 < Jfc < n - 1} 
and the ordinary irreducible character of T 4n are given by (see [4]) 


Characters 

r fe (0 < k < n) 

s 

rs 

Xo 

1 

1 

i 

Xi 

FT 

1 

-i 

X2 

1 

-1 

-i 

X3 

FT 

-1 

i 

r ipj. where 

1 < j < n — 1 

2cos(MI) 

0 

0 


Table I The character table for T 4ri , where n is even. 
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Characters 

r k (0 < k < n) 

s 

rs 

Xo 

1 

1 

1 

Xi 

RF 

i 

-i 

X2 

i 

-i 

-i 

Xa 

RF 

-i 

i 

ipj, where 

1 < j < n — 1 

2cos(Ml) 

0 

0 


Table II The character table for T 4n , where n is odd. 

Write 2 n = Ip' with l an integer not divisible by p (where p is our fixed prime number). 
We have 

q — $ {r^ pt ,sr k \0 < j < l, 1 < k < 2 n}, if p ^ 2; 

\ {r TP> 10 < j < l}, if p = 2. 

Thus the ^-regular classes of G are 

f {ri pt , r^ l ~^ pt j; 0 <j< ^,{sr 2k |1 <k< ro}, {sr 2fc+1 |0 < k < n — 1}, if p ^ 2; 

1 {r jp \ 0 < j < l -Pr Up = 2. 

For each j and h denote 

*f>j = Xfc = X/»Ig and = V’jb, Xh = Xhlo. 


and dehne e = 


4, ifp/2; 
1, if p = 2. 


Proposition 4.1. T/ie complete list of irreducible Brauer characters ofT 4n for even n is 


and for odd n is 


Xh(0<h< e), (1 < j < l -), 


X'h (0 <h< e), fP (1 <j < jr). 


Proof. We first note that the restriction of a character of T 4n to T 4n is a Brauer character 
and the number of all the irreducible Brauer characters is the number of p-regular classes 
of T 4n . Also, since T 4n is solvable, by the Fong-Swan theorem, any irreducible Brauer 
character of T 4n is the restriction of an ordinary irreducible character of T 4n . 

The linear characters Xh s and x'h s are obviously irreducible and distinct, by the char¬ 
acter table above. For the characters of dimension two, ifj and tp'j, we claim that they 
are all distinct and irreducible for all 1 < j < By the character tables above, there is 
no need to separate the proof into the case of odd n, even n or p = 2, p ^ 2, since 'tpj and 
i/j'j are agree on the columns ? ,fc ’s and agree to be zero outside these columns. 

For the irreduciblity issue, we suppose for a contradiction that 


Vh = Xh + Xk, 
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for some 0 < h, k < e and 1 < j < Since 1 < j < l > 2 and r 2pt G T 4 n . So, we can 
evaluate both sides of the above equation by r 2pt and obtain that 

2cos(-) = 2, 


which is impossible because cos( 2p r ) n ) < 1 for all 1 < j < 

Analogously, for the issue of distinction, we suppose for a contradiction that = -i/’i, 
for some 1 < i < j < We now evaluate both sides by r p , which yields that 

P*j7T pHiT 

cos(-j = cos(-). 

n n 


It implies that, for 24ZE and their difference or their sum must be a multiple of 27T. 
However, this is not the case because 1 < i < j < 

□ 


Theorem 4.2. Let G = T^ n , 0 < h < e where e = 4 i/p ^ 2 and e = 1 if p = 2, and put 
= Xh or x'h ■ The space V^(G) has an o-basis if and only if at least one of the following 
holds: 

(i) dirnH = 1 

(ii) p = 2, 

(Hi) 2n is not divisible by p. 

Proof, (i) If dimF = 1, then V r p(G) = {et \ a G rf n ) has only at most one generator, 
namely, et where a = (1,1,1..., 1). So, dim V^(G) < 1 and thus V ( p{G) has an o-basis. 

(ii) If p = 2 then G = ( r pt ). Since G is a subgroup of G and </> is constant on G , it follows 
by Proposition 2.7 that V^(G) has an o-basis. 

(iii) Assume p / 2 and 2n is not divisible by p. Then G = G and consequently, these 
characters will be ordinary linear characters. Thus V<f,{G) has an o-basis. 

Conversely, we assume that dim V > 1 and p^ 2 and 2n is divisible by p. So, r ^ G and 
G = {ri pt ,sr k \ 0 < j < 1,1 < k < 2 n} = G~ 1 . We will show that V^(G) does not have 
an o-basis. For a = (1,2,..,2, 2) € we have G a = {e}. Now, we concentrate on 

{eta, et), for each a G G. We observe that A = {/i G G \ e G = {p, G G \ a G Gpi). 

Since r l = ( sr n ){sr l ) G G 2 for each 0 < i < 2n, G C G 2 and hence A / 0. Thus by 
Corollary 2.3, we have 

(4.1) {eta , e a) 7^ 0 for each cr G G. 

Next, we claim that {ear,ef} C Va{G) is a linearly independent set. We can set 
et = X^ 5 c < 5 e <5 an d e ar = dse ,5 as G v | forms a basis for I/® 4n . Since 

G _1 = G, 

e t = </>(fr _ 1 )ea CT . 

Since = {e}, the elements aa with a G G are distinct. Also, since r ^ G, aa ^ ar 
for all ugG, which yields that cy = 0. On the other hand, G ar = r~ 1 G a r = {e}, so for 
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r € G, ( ar)a = ar if and only if a = e. This implies that d r = -pr 7 ^ c r = 0, which implies 

that {etr,et} C Va(G) is a linearly independent set and hence dim Va(G) > 2 . 

By Proposition 2.5, if Vft(G) were to have an o-basis, then it would have an o-basis 
containing et, but, by (4.1), this is not the case. So, Vft{G) does not have an o-basis, and 
by Theorem 2.1, we complete the proof. □ 

For higher dimensional irreducible Brauer characters <f> : G — > C, we see that if dim V = 
1, then V ( f ) (G) = (et \ a € T| ra ) has only at most one generator, namely, et where 
a = ( 1 , 1 , 1 ..., 1 ). So, dimV^G) < 1 and thus V^(G) has an o-basis. If dimF > 1 , 
we investigate a necessary condition of the existence of an o-basis for Dicyclic groups as 
follows. 

Proposition 4.3. For G = T 2 (i p t' ) with CflG 7 =< rG pt > where f 7 = j gnG | , 7 € A and 
4> = db,d' b , where 1 < b < we have that 

dim (Vf(C)) = ( 2 ’ if J^ Z/ 

7 [ 0 , 

Proof. Since G has cyclic support with C =< r pt > and C fl G 7 =< rG pt >, for each <f>, 
we can compute the dimension by using Proposition 3.4. By character tables and basic 
trigonometry identities, we compute that 



So, if ^ Z, then d 7 = i 7 and thus dim(V 7 ^(C')) = t 7 — t 7 = 0. 

bt t 1 2-nsji 

For d 7 in which —j 1 £ Z, we have that v i e * 7 = 0 if and only if 



are simultaneously zero. Since ^ € Z, the second sum is always zero and the first sum 
is zero for all 0 < s < t 1 except for j ± j- e Z; (i.e. except for s = f 7 — ^ or s = ^ x ), 
because 0 < j + f- < 2 and —1 < j — j- < 1. Hence d 7 = f 7 — 2 and thus the results 
follow. □ 

There is no surprise with the assertion that dim(V 7 i (C')) = 0 for which ^ ^ Z because; 

Proposition 4.4. For G = T 2 o p t) with C =< r pt > and C n G 1 =< r tlP ‘ > where 
t^ = | gr | G | , 7 G A and 0 = dbid’b> where 1 < b < u>e have that, for each a £ C , 

e^ CT = 0 if and only if £ Z. 
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Proof. Let a € C and 7 G A. By (3.1), 
( P <t> P <t> 

\ c 7CT5 ^7(7 




10(f)! 2 y^ V . 

\G\2 ‘ j f-i^C ^-^T^CC^G'-y 

= i'fgf E',1 Efal cos(®7 co S (2fc(^)» + 2£ 
r '-K^flELicos 2 ^). if^€Z; 


□ 


_ 2 V V |G | 2 >^3= l^ wo v l h “ l 

\ 0, if ^ ^ Z 

which completes the proof. 

Now, by the above propositions, we achieve the main conclusion. 

Theorem 4.5. Let G = T^ n , where 2n = Ip 1 with l an integer not divisible by p and let 
4> = ^,,^7, where 1 < b < |. Then, 17 (G) has an o-basis if and only if ^ 2 (w) < 0. 

Proof. By Proposition 3.2, it is enough to focus on Vy ( C ). Also, in the proof of Proposition 
3.3, we have Vt’(C') = (e$ frJj \j = 1,2, ...,i 7 ), where 07 = r Jpt and f 7 = , g |^l | . Again, by 
(3.1) and the character tables, we compute that, for 1 < i,j < f 7 , 

(e* 


- 7 cTi j e 7<T;( .) — 0 


E 9G c <t>(j9<7i)<j>(9 °j) = 0 
Efcl 1 o^(r (fc+<)pt )^(r (fc+ -»' ) P‘) = 0 

Eto 2 cos (( fc + ^ t 71 ) cos (( fe + j) f 71- ) = 0 

l cos((i — i)x 7r ) = 0 - 


By Proposition 4.3, dim(V 7 > (C)) = 2 for each 7 such that y So, if 17 (G) contains 
an o-basis, then there exist 7 and distinct 1 < i,j < t 1 such that cos((i — j)y£ if) = 0 , 
which clearly implies that ^(y) < 0. On the other hand, suppose 1/2 (y) = — f° r some 
fc € N. Then j = ^7 for some odd integer m. Since the existence of o-basis depend on 7 
for which y £Z, 2 k+1 is always a divisor of t 7 - Thus, we can choose io = 2 k 1 + 1 and 
jo = 1 so that cos((»o — jo)y7r) = 0- By Proposition 4.4, e 7O - i0 and e 7o - j0 are non zero and 
hence, by the above fact, {e^ (2 ,._ 1+1)pt , p t} forms an o-basis for vf(C). □ 


77*0 


5. Dihedral Group D m 

We first collect some facts about the Brauer characters of the Dihedral groups D 2 n from 
[10]. We follow the notions of [10] in this section. A presentation of the Dihedral groups 
D m having order 2m, is given by D m =< r, s \ r m = s 2 = 1 ,srs = r -1 >. The ordinary 
character table of D m is 


Characters 


k 

sr 

7) 

1 

1 

Vh 

1 

-1 

4>2 

(-l) fc 

(-i) fc 

■02 

(- 1 )" 

(-i) fe+i 

Xh 

2 cos 2 * kh 

0 

(1 < h< f) 
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Table II: The character table of D m . 

We write m = lp l , where l is not divisible by prime number p, as before. The set of all 
p-regular elements of D m are 


( {ri pt , sr k \ 0 < j < 1,0 < k < y}, P / 2 ; 
l {r jpt | 0 <j<l}, p = 2 . 


The complete list of irreducible Brauer characters of D m is, [10], 


i’j (0 < j < e), x h (1 <h< |), 


where = 'fj |g^, Xj = Xh and 

{ 4, l even, p / 2; 

2 , l odd, p 7 ^ 2 ; 

1, p = 2. 

The necessary and sufficient condition for the existence of an o-basis for Brauer characters 
of dimension one is provided in [10]. Precisely, for cf> = ipj , tp'j . where 0 < j < e, the space 
V^{Dm) has an o-basis if and only if dim V = 1 or p = 2 or m is not divisible by p. 

The necessary and sufficient condition for the existence of an o-basis for Brauer character 
of dimension two for D rn can be found in [10] . But it can also be obtained by very similar 
method applied on T± n as we presented in §4. This is because <f> has a cyclic support for 
each 4> = Xh, where 0 < h < and all values in the character tables of both groups 
are consistent on C =< r k >. Thus, by changing m to 2 n and h to b, each step of the 
computation for dimensions of V-y(D m ) and the condition for the existence becomes the 
same. This yields 


Theorem 5.1. Let G = D m , where m = lp l with l an integer not divisible by p and let 
4> = Xh, where 1 < h < |. Then, V^(G) has an o-basis if and only if u 2(x) < 0- Also, for 
each a € C, / 0 if and only if ^ € Z. 


6 . Irreducible Brauer character of SD$ n 

The presentation for SD% n for n > 2 is given by SD^n =< a, b \ a 4 
g 2 n—i y _ ah g n e l em ents of SD% n may be given by 


= b 2 = e, bab = 


SD$ n = {e, a, a 2 ,..., a 4n x , b, ba, ba z ,..., 6 a 4n 1 }. 


The embedding of SD$ n into the symmetric group S± n is given by T(a)(t) := t + 1 and 
T{b){t) := (2 n — l)t, where m is the remainder of m divided by 4n. We write 4n = Ip t 
with prime p and integer l not divisible by p and denote by SDs n the set of all p-regular 
elements of SD% n . It is not hard to see that 

{ai pt ,ba k \ 0 < j < L,0 < k < 4n}, if p 2 ; 


SD Hn = 


\od p | 0 <j<l}, 


if p = 2 . 


Proposition 6.1. The p-regular classes of SD$ n , n > 2 and 4 n = Ip t , are as follows; 
Case 1: p is odd prime. 

• If n is even (i.e. ~ G T,), then there are | + 3 p-regidar classes. Precisely, 

— 2 classes of size one being {e} and 
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— j — 1 classes of size two being [aP pt ] = {a^ pt , a^ l ~^ pt }; j G {2,4,6,..., ^ — 2}. 

— | classes of size two being [a Jpt ] = {a^ pt ,a^~^ pt }\ j G {1,3,5,..., | — 1}, 

— | classes of size two being [a Jpt ] = {a Jpt , ~^ p }; j G {| + 1, | + 3,..., | + 
| — 1 } and 

— 2 classes of size 2 n 6 eing [ 6 ] = { 6 a 2 * | i = 0 , 1 , 2 , ..., 2 n— 1 } and [ 6 a] = { 6 a 2 * +1 | 
i = 0 , 1 , 2 ,..., 2 n — 1 }. 

• If n is odd (i.e. | is odd), then there are | + 6 p-regular classes. Precisely, 

— 4 classes of size one being {e}, {a± p }, {a? p } and {a~ p }, 

— | — 1 classes of size two being [a JP *] = {a^ pt ,a^~^ pt }\ j G {2,4,6,..., ^ — 2}, 

— classes of size two being fj) pt ] = {a Jpt , j € {1,3,5,..., | — 2}, 

— pp classes of size two being [a JP *] = {a- 77 **, a^~^ p }]j G {| + 1, 5 + 3,..., ^ + 
| — 2 } and 

— ^ classes of size n being [b] = {6a 4 * | i = 0,1, 2,..., n — 1}, [6a] = {6a 4 * +1 j i = 
0,1, 2,..., n — 1}, [6a 2 ] = {6a 4 * +2 | i = 0,1, 2,..., n — 1} and [6a 3 ] = {6a 4 * +3 | 
i = 0, 1 , 2 ,..., n — 1 }. 

Case 2; p = 2. There are pp p-regular classes. Precisely, there is 1 class of size one, 
{e}, and there are , -P^~ classes of size two, {a JP *, a^ l ~^ pt }; 1 < j < pp. 

Proof. This is a direct calculation. □ 


The ordinary irreducible character of SD 8n are given by (see [11]) 

Table I The character table for SD 8n , where n is even. 


Conjugacy classes, 
Characters 

[° r ]; 
r G Ci 

Kl; 

r e cL 

w 

[ 6 a] 

Xo 

1 

1 

1 

1 

Xi 

1 

1 

-1 

-1 

X 2 

1 

-1 

1 

-1 

X3 

1 

-1 

-1 

1 

VVd where 
h G Ceven 

2 cos® 

2 cos® 

0 

0 

VVi, where 

h 6 cL 

2 cos® 

2isin® 

0 

0 


Table II The character table for SD 8n , where n is odd. 
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Conjugacy classes, 
Characters 

KJ ; 

r € C\ 

KJ; 

r € Cf f 

[&] 

N 

[ba z ] 

[lba 3 ] 

Xo 

1 

1 

1 

1 

1 

1 

Xi 

1 

1 

-1 

-1 

-1 

-1 

X '2 

1 

-1 

1 

-1 

1 

-1 

X 3 

1 

-1 

-1 

1 

-1 

1 

X 4 

(-1)2 

i r 

1 

i 

-1 

—i 

X5 

(-1)5 

i r 

-1 

—i 

1 

i 

Xfi 

(-1)5 

(-K 

1 

—i 

-1 

i 

X 7 

(-1)5 

nr 

-1 

i 

1 

—i 

where 

h G Ceven 

2cos(^) 

2cos(^) 

0 

0 

0 

0 

ip' h , where 

h € CL 

2cos(^) 

2isin(^) 

0 

0 

0 

0 


where C\ = {0, 2, 4, 2n}, C|„ e n : = Cl \ {0, 2?r}, Cf) 3 d = {1, 3, 5, n, 2?r + 1, 2n + 3, 2n + 
5, 3n}, = {1,3, 5, n -1,2n + 1, 2n + 3,2n + 5, 3n - 1}. 

For each k and h, put Xk = Xk Ix'fc = X* l§5 8n and = ip k Ig^, = if' k lgB 8 „- 
Moreover, for odd prime p and 4n = lp l such that l is not divisible by p. we define 
E := {2,4,6, | - 2}, Of := {1, 3, 5 ,{ - e}, 0\ := {| + 1, | + 3,| | - e}, where 

e = 1 if n is even and e = 2 if n is odd. 


Proposition 6.2. Let IBr(SD 8n ) be the set of all distinct irreducible Brauer characters 
of SD 8n - Then, 


IBr(SD 8n ) = { 


{Xkhfjpt \ 0<k<3,j£EUO{u Ol}, 
{x'kA'jpt | 0 < fc < 7, j <E £ U Of U Of}, 
{Xo> I 0 < j < l ~Y-}, 

{x'oKV | 0 < j < 


if p ^ 2 and n is even; 
if p ^ 2 and n is odd; 
if p = 2 and n is even. 
if p = 2 and n is odd. 


Proof. We first note that the restriction of a character of 5d?8 n to SD 8n is a Brauer 
character and the order of the set IBr(50g n ) is the number of p-regular classes of SD 8n . 
Also, since SD 8n is solvable, by Fong-Swan theorem, any element in IBr(50g n ) is the 
restriction of an ordinary irreducible character of SD 8n . 

Each Xfc’s and xV s are obviously irreducible and clearly distinct, by the character tables 
above. For characters of dimension two, ifj p t where p is an odd prime and n is even, we 
claim that those are irreducible. We suppose for a contradiction that ipj p t = Xi + \ k for 
some j G E U 0\ U Of and 0 < i, k < 3. Evaluating both sides at a 2pt yields that 


2 cos 


jp t ■ 2p t ir 


= 2 . 


2 n 
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That is cos 4j ^ - = 1, so 2j is a multiple of l. However, since 2 j < l for j G E U 0\ and 
l <2j < 21 for j G 0\, this is a contradiction. We use similar arguments to show that all 
the remaining cases, are irreducible. 

Next, we aim to show that all elements in IBr(S'I? 8 n) shown in the proposition are 
distinct. For the case odd prime p and even n, we suppose that ipj p t = if ip t for some 
i, j G E U 0\ U 0\. It is clear (by the character table) that i, j either both are even or 
both are odd. If i,j are even, we evaluate both sides at a p * and then we get 


sm ■ 


p\i + j)'K . p^j-ijTr 


l 


■ sm ■ 


l 


= 0 . 


Since gcd(l,p t ) = 1 and LtZ. and T-l can not be positive integers for each i, j G E, i = j. 
If i,j are odd, we evaluate both sides at a p \ and then we get 


sin 


p\j 


i)ir p t (j+i)ir 

-cos--- 


= 0 . 


Since gcd(l,p t ) = 1 and 7 ^ p for i.j G 0\ U 0\ and can not be positive integer, 
i = j. Again, similar arguments work for all the remaining cases. □ 


7. EXISTENCE OF AN O-BASIS FOR THE CLASS OF TENSORS USING A BRAUER 

CHARACTER OF THE SD 8n 


In the following theorem, we denote 



if 

if 

if 


p / 2 , n even 
p 7 ^ 2 , n odd 

p = 2. 


Theorem 7.1. Let dim V > 2, G = SD 8n , 0 < j < e, and put 0 = Xj or x!j ■ Then, 
space Vtf,(G) has an o-basis if and only if p = 2 or in is not divisible by p. 

Proof. If p = 2 then G = (a pt ). Since G is a subgroup of G and cf is constant on G, by 
Proposition 2.7, V^(G) has an o-basis. Assume p / 2 and 4n is not divisible by p. Then 
G = G and consequently, these characters will be ordinary linear characters. Thus V^G) 
has an o-basis. 


Conversely, suppose that p / 2 and 4n is divisible by p. We aim to show that V^(G) 
does not have an o-basis by showing that there exists a G T 4n such that Vft(G) does not 
have an o-basis and then apply Theorem 2.1 to conclude the results. 


Let a = (1, 2, 2,..., 2, 3). Since dimP > 2 and 4n > 4, a G T 4 ^ v . We also choose a 
representative A so that a G A. We observe that to fix a, each a G G must fix the first and 
the last position of a. It is clear that element of the form a k satisfying the condition is only 
e. For elements of the form ba k , they must satisfy T(ba k )( 1) = 1 and T(ba k )(4n) = in. 
By using T{ba k ){t ) = (2 n — 1 )(k + 1), we conclude that G a = {e}. Since 0 is a restriction 
of a linear character and G a = {e}, by Corollary 2.3, to show that (eta,et) 7 ^ 0 for each 
cr G G, it suffices to show that A = {p G G\e G cr/r -1 ^} 7 ^ 0. This is simple because p ^ 2 
and 4n is divisible by p, so G = {6a fc |0 < k < m} = G and then A = {/1 G G\a G Gg}. 
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Since e £ <r /i 1 G if and only if a £ G 1 p = Gp and thus for arbitrary 0 < k < 4n, we 
have a k = ba°ba k £ G 2 and ab k = a°ba k £ G 2 , so G C G 2 . That is A ^ 0. So, 

(7.1) (e^, e^) / 0 for each a £ G. 

Next, to show that {e^a, et} C Vcf(G) is a linearly independent set, we set et = c < 5 e <5 

and eta = ^< 5 e < 5 > as { e 5\$ € r™} forms a basis for Since G _1 = G, 

tj) ^(1) // -In 

- 2 ^ ) e «^ 

' ' a&G 

Since G a = {e}, the elements aa with a £ G are distinct. Also, since a £ G, cut 7 ^ era 

for all o' £ G, which yields that c a = 0. On the other hand, G aa = a~ 1 G a a = {e}, so for 

a £ G, (aa)(j = aa if and only if <7 = e. This implies that d a = -i- / c QQ = 0. Thus 

I <-4 

{em,ea} C Va(G) is a linearly independent set and hence dimV^G) > 2. 

By Proposition 2.5, if Va(G) were to have an o-basis, then it would have an o-basis 
containing et, but, by (7.1), this is not the case. So, V^f(G) does not have an o-basis, 
which completes the proof. 

□ 


Remark 7.2. Theorem 7.1 shows that if dimV > 2, unlike the case for an irreducible 
character, it is possible that V^(G) has no o-basis when <fi is a linear Brauer character. 
This holds when dimV = 2 as well. To observe this, we let p ^ 2 and 4 n is divisible 
by p and <j) = xo or x'o ■ Consider a = (1,2, ..,2,2) £ T ^ v . Thus, for such a, 
we have G a = {1 ,a 2n+2 b}. Now by similar calculations done in Theorem 7.1 we have 
(etai , eta 2 ) / 0 . 


For the remaining of this section, we denote 

{ {jp t \j £ EU 0\ U O}}, if p 7 ^ 2 and n even; 

{jp 1 \j £ EU 0\ U O 2 }, if p 7 ^ 2 and n odd; 

oyio<j<^}, if p = 2. 

For V^SD^n), where 4> = i’h^'h such that h £ II is even, the condition for the existence 
can be obtained in the same manner as T^ n and D m . This is because f> has a cyclic support 
and all values in the character tables of those groups are consistence on G =< a r > if h 
is even. Then, we have; 


Theorem 7.3. Let G = SD$ n , where 4n = Ip * with l an integer not divisible by p and let 
= 'tph,'if' h such that h £ II be even. Then, V^(G) has an o-basis if and only if 17 (^) < 0. 
Also, for each cr £ G, e 7fT 7 ^ 0 if and only if £ Z. 

For the case h £ II is odd, we first compute the dimension of V^(SDs n ). 


Proposition 7.4. Let G = SD$ n , where 4 n = lp l with p\ l and let cf = ifh^'h such that 
h £ II be odd. For 7 £ A such C (~l G 7 =< af>, where i 7 = | Cr j G | , then 


dim(Vf(C)) 


4, i/^€Z; 
0, if ^ £ Z. 
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Proof. Since G has cyclic support with C =< a pt > and CnG 7 =< aG pt >, for each cf, 
we can compute the dimension by using Proposition 3.4. By character tables, we compute 
Vj = E/ieCnG for the different case of j and i 7 . If t 7 is odd, then, for even j. 


= El=i^ mt ^ pt ) 


= i Efc=r 2 sin ( (2k - l)(^pL) 7 T - (^)vr 


+ Efc=i 7 2cos((2fc)(^)7r-(^) 

= 0 , 


2 htsy 


' 2 hj 


2 ht~j 


' 2 hj ■ 


IT 


and for odd j, 


= Em=! f)(A mt -y-P pt ) 


.^/2t 7 9 • W2/1*1 w _ ( 2hj\\ 


+ iEj&asin 
= 0 , 


P)7T - (±f)vr 


since p 1 ^ Z (because h,t 7 are odd and then 4 | 1). So, if t 7 is odd (i.e. ^ ^ Z), then 


d 7 = t 7 and thus dim(V 7 ’(C')) = t 7 — 1 7 = 0 . 
Similarly, if i 7 is even, we compute that 


Vj = 


ht 


—p sin(^ 7 r), ^Iz. G Z and j odd 


ktr v 


r ^ 


p- cos(p-Ti), p G Z and j even. 


' 2 fo 


So, if t 7 is even and ^ Z, then d 7 = t 7 and thus dim(V 7 > (C)) = t 7 — i 7 = 0. For d 7 in 


which t 7 is even and ^ G Z, we have that Ei=o' Fi e t7 = 0 if and only if 


U-\ 


2'Ksji 


£7 _l 
2 


*7 1 
2 


v-^ , Ahk. . .Ask . , 4—v ,.2/i(2fc + l) . 2s(2k +1) . 

£ 2cos((—) 7 T)cos((—)vr)+ £ 2sin((^-- ^)tt) sm((—^ Ott) 


k=0 


k =0 


and 


il 


£7 _1 
2 


t 7 1 
2 


v-^ ,Ahk .Ask v 2 /i( 2 /c + 1 ) , ..2s(2A: + l) 

2 £ 2 cos((—— )vr)sin((-)vr) - 2 sin((—^- -)tt) cos((—--)vr) 


k =0 


k =0 


l 


are simultaneously zero. Since P- G Z, the second sum is always zero and the first sum i 


is 


zero for each 0 < s < t- 


hi _ s_ 

l ' t 7 


G Z or 2 7 - 


h s 


l U y 


G Z. Since 0 < j- < 1 


f<2(f + £) <f + 2 andf- 2 < 2 ft - a) < f. 


Precisely, if s belongs to 

, try p2/i-| htry try _ 2 t]/try try tl/try try . 2/l . tlftry try . 2 Jlj . try . 

{si := E r T 1 __ T ’ S2 := E r T 1 _ “T + E ’ S3 := T~E L T J ’ S4 := T“E L T J+ E } 
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then the first sum will be not zero. Here, |V| and |_d are the ceil function and floor 
function of the real number r respectively. Since f 7 > 0 and -y £ Z for each odd h £ n, 
si, s 2 , s 3 , S 4 . are all distinct. Hence d 7 = f 7 — 4 and thus the results follow. □ 


Now, we have; 

Theorem 7.5. Let G = SD$ n , where 4 n = lp l with p \ l and let 4> = if h, if' h, where h £ n 
be odd. If dim(H) > l, then, V ( f,(G) does not have an o-basis. Also, for each a £ C, 
e 7( T / 0 if and only if £ Z. 

Proof. By Proposition 3.2, it is enough to focus on Vf (C). Also, in the proof of Proposition 
3.3, we have Vf (C) = {et/ aj \j = 1,2, ...,i 7 ), where aj = a rp> and f 7 = , g |^ | . By (3.1) 
and the character tables, we compute that, for even i,j such 1 < i,j < i 7 , 

= 0 7= — 


\e 7 o-i j e 7(Tj . , 


T.gac <t>(9<Tj)(l>(g (Tj) = 0 
Y!k=Q^ a{k+i)pt )^ a{k+j)pt ) = 0 

EaL 0 2cos((2fc + i)^n) cos(( 2 k + j)^n) 


+ 


+ 




E&=o 2 sin(( 2 /c + 1 + i)^ tt) cos((2 k + 1 + 

EHo cos((4A: + z + j)t’t) + EEo cos ((* “ jOt 77 ) 

EI=0 cos ((* - jOx 77 ) - EI=0 cos(( 4 fc + i + j)f tt) 
4 =^ 2 /cos((i — j)^7r) = 0 , (since ^ ^ Z). 

Similar arguments work well for the remaining cases. Thus, we can conclude that 


= 0 


= 0 


(7.2) (e* <r .,e+ ff .) = 0 


cos((z — j) -r- 7 r ) = 0 , if i, j are both even or both odd; 
sin((z — j)=Yn) = 0 , if ortherwise. 


We consider 7 = (1,2,2, ...,2) £ . Since dirn(P) > 1, 7 £ A and it is not hard 

to see that G 7 = {e}. So, t 7 = l and then £ Z. By Proposition 7.4, dim(V 7 ’(C')) = 4. 
Thus, if Vy(C ) has an o-basis, then there exist distinct 1 < z’i,* 2 )* 3,®4 < £7 such that 
{e 7<Tii , e 7(Ti2 , e 7fTi3 , e 7(Ti4 , } forms an o-basis. Since h is odd and 4 | l, z/(^) = —k, for some 
positive integer k. Hence, if there are at least three of 7i, ^2 ? *3 ? *4 which are all even or all 
odd, say h,i 2 , * 3 , then, by (7.2), there must exist odd integers 01 , 02,03 such that 

h — i 2 = Oi • 2 k ~ l 

h — is = o -2 • 2 k ~ 1 


is =03- 2 


fc-i 


This implies that 02 — 03 = 01 , which is a contradiction. If there are exactly two of 
H,* 2 )* 3)*4 which are all odd, say *i,Z 2 , then, by (7.2), there must exist integer s such that 
i\ — 13 = s ■ 2 k . This implies that h = is + s ■ 2 k is even (because 13 is even), which is a 
contradiction. Therefore, vf(C) does not have an o-basis and by Proposition 3.2, we finish 
the proof for the first statement. The second statements is a consequence of Proposition 
7.4 and a direct calculation as in Proposition 4.4. □ 
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